Abstract. Let u e H be the exact solution of a given selfadjoint elliptic boundary value problem, which is approximated by some S, S being a suitable finite-element space. Efficient and reliable a posteriod estimates of the error u II, measuring the (local) quality of , play a crucial role in termination criteria and in the adaptive refinement of the underlying mesh. A well-known class of error estimates can be derived systematically by localizing the discretized defect problem by using domain decomposition techniques. In this paper, we provide a guideline for the theoretical analysis of such error estimates. We further clarify the relation to other concepts. Our analysis leads to new error estimates, which are specially suited to three space dimensions. The theoretical results are illustrated by numerical computations.
1. Introduction. Assume that the solution space H ofa given selfadjoint elliptic problem is approximated by a suitable subspace S c H and that we have computed an approximation t S of the exact solution u H. We are interested in efficient and reliable estimates of the corresponding error u II, measuring the (local) quality ofthe approximation . Among the variety of different concepts (see, for example, the bibliographies included in the monographs of Johnson 12 ], Szabo and Babuka 16] , or Zienkiewicz and Taylor [20] ), the following two major steps are frequently covered: discretize the defect problem with respect to an enlarged space Q c H, localize the discrete defect problem by domain decomposition. For example, the discretization of the defect problem played a prominent role in the paper of Bank and Weiser [5] , while standard techniques of domain decomposition were developed in the pioneering work ofBabuka and Rheinboldt [2] . To our knowledge, the explicit hierarchical preconditioning of the discretized defect problem first appeared in a paper of Deuflhard, Leinen, and Yserentant [8] . This construction principle has been extended successfully from selfadjoint elliptic equations to a variety of other problems (cf., for example, 1, 4, 6, 7, 13, 11] ). For extensive numerical comparisons of these error estimating techniques, we refer to [9, 10] .
However, this recent work concentrates on the simplest finite-element spaces S and Q, where the proofs of reliability and efficiency of the resulting error estimates are immediate. In this paper, we intend to provide a guideline for the analysis of more complicated situations.
Using finite elements of higher order as a model example, we show that it becomes clear where to branch off in other special cases. We further clarify the relation to other residual-based error estimates, resulting from apparently different concepts. In the process, this unification leads to a better understanding of previous results. To further extend our theoretical considerations, we explain why error estimation is more difficult in three than in two space dimensions and introduce hybrid error estimates to remedy those problems.
The paper is organized as follows. In the next section, we consider the discretization of the defect equation. It turns out that we obtain efficient and reliable error estimates if and only if Q satisfies a saturation assumption (CO). This result also gives some insight into the principal limitations of a posteriori error estimation.
*Received by the editors January 10, 1994 ; accepted for publication (in revised form) August 30, 1994. tFachbereich Mathematik In view of Theorem 2.1 and Proposition 2.2, the subspace V has to be well suited to the considered data in order to give upper bounds of the total error. In this sense, the reliability of a posteriori error estimates is still based on certain a priori information.
3. Local defect problems. Let T be a partition of 2 in triangular (tetrahedral) element. The sets of interior edges (and triangular faces) of the elements T e T are called (and respectively. Denote by h r and Pr the diameters of the circumscribed and inscribed balls of an element T T; the shape regularity cr of T is an upper bound of the aspect ratio h r/Pr for all T 7". Finally, let the partition 7" be conforming in the sense that the intersection of two different elements of 7" is either a common vertex, a common edge (a common triangular face), or is empty. We approximate the solution space H () by the space .P of conforming finite elements of pth order with respect to the triangulation T: Here, the affine transformation tT maps the reference element 7 one-to-one onto T. The following assumption will be crucial for the remainder of this section.
(C 1) The extension V has a locally affine basis q.
As a consequence of (C 1), all nonvanishing restrictions lr, 6 q, are linearly independent on T 6 7". Note that the treatment of elliptic problems of higher order, as discretized by conforming but nonaffine finite elements (as, for example, the Argyris element), may give rise to suitable generalizations of the condition (C 1).
Assuming that Q consists of continuous functions v, we define the interpolation operator [7] .
We will make frequent use of the local (semi)norm I" I1,T, where the integration is carried out T 6 7-only over the element.
We will further utilize the reference spaces S liP(2?) and span q. The extended reference space Q Sf @ f is spanned by the form functions on the reference element T.
Throughout this papera b,a _ _ _ b, anda bstandfora < Cb, a > cb, and cb < a < Cb. The constants c, C only depend on the degree p of the finite-element space S, the shape regularity r of 7", the ellipticity of the continuous problem and the form functions q generating the extension V. .4) 1-iP-2
IlVqTIIO,T "< IIvlI0,T "< IlVV, T II0,T, V (T).
Due to the piecewise constant data, we have RT -1-Ip-2(T), so that VT I/tT RT E Q. Now vs ZVT satisfies r(vs) 0 and vv VT ZVT VT is an admissible test function in (4.15) . Using the stability of 27, the inverse estimate (4.6), and (4.17), we conclude Ilovll-< IlorllT "< hallorll0,T "< hlllRTllo,r, so that the assertion follows from Roughly speaking, we found that the two presented concepts of hierarchical p extensions and of local jumps and consistency errors (almost) coincide in two space dimensions. The resulting error estimates thus combine higher-order approximation with a certain robustness. The next section will show that the situation is different in three space dimensions. 120, bl 150, b2 50, b3 150 and x {1) (0.5, 0.5, 0.5), x {2) (0.7, 0.6, 0.5), x {3) (0.3, 0.6, 0.5) characterize the height, the slope, and the location of the local extrema x {i), 1, 2, 3. Figure 5 .1 shows the level curves of the solution at the cutting plane x3 0.5. The figure has been generated with the help of the graphical environment GRAPE [15] . is closely related to the saturation constant ft. This explains the poor performance of BM.
Note that the additional extension of V e" by the quartic bubbles ;7-scarcely changes the results.
Finally, Table 5 .1 shows the complete approximation history for P-EXT, BM, and the hybrid estimate EE EFT is more expensive and again provides almost the same results as EE If we require a certain fixed accuracy, all local error indicators in question produce more 
